In an n-dimensional Euclidean, spherical or hyperbolic space consider a packing of at least four spheres with given radius r. The well-known simplicial density bound d n ðrÞ gives an upper bound to the density of such a packing. In spherical 3-space there are exactly four packings for which the density d 3 ðrÞ is attained. These packings are formed by the inspheres of the regular tilings of type fa; 3; 3g, for a ¼ 2; 3; 4 and 5. In this paper it is proved that d 3 is a strictly decreasing function of r. This implies the existence of the upper bound 0.77963. . . to the density of any packing of at least four congruent spheres in S 3 .
Introduction
We shall use S n , E n and H n to denote the n-dimensional spherical, Euclidean and hyperbolic space, respectively. The space S n can be viewed as the surface of the ðn þ 1Þ-dimensional unit sphere in E nþ1 . A set of open spheres is said to form a packing in S n , E n or H n if each point of the space belongs to at most one sphere of the set. The most frequently employed method of measuring the efficiency of a Ã For my brother HELMUT FLORIAN. packing is to determine its density [6] . As usual, the density of a system of subsets of S n is defined as the ratio of the total n-dimensional volume of the sets to the volume of S n . The density of a system of bodies in E n is defined, roughly speaking, as the ratio of the total volume of the members of the system to the volume of the whole space. This is made precise by an appropriate limit process. A general definition of the density of an arbitrary arrangement of subsets of H n with respect to the whole space is not available. The difficulties arising in this connection are discussed in some detail in [6] . Thus only statements of a local character can be expected concerning density in H n . In S n , E n or H n ðn ! 2Þ consider a regular simplex of edge length 2r (in S n : 2r <arccosðÀ1=nÞ), and the system of n þ 1 spheres of radius r, with their centres at the vertices of the simplex. The spheres of the system do not overlap. Let d n ðrÞ denote the ratio of the volume of the part of the simplex covered by the spheres to the volume of the whole simplex. In a paper of 1959, L. FEJES T O OTH [10] stated the conjecture that in S n , E n or H n , each packing of at least n þ 1 spheres of radius r has a density
In the case of the hyperbolic space, (1) has to be replaced by an appropriate local version. As is well known, inequality (1) is true for n ¼ 2; see [8] or [11] . In two earlier papers L. FEJES T O OTH [9] and COXETER [5] , independently of each other, had put forward conjecture (1) in the case n ¼ 3. They advanced some arguments to support it and pointed out some interesting consequences, especially for packings in non-Euclidean spaces.
About the time when FEJES T O OTH's conjecture was published, ROGERS [15, 16] succeeded in proving (1) for packings in E n ðn ! 2Þ. Since in E n the bound d n ðrÞ does not depend on r, we shall simply write d n for d n ðrÞ.
A packing of congruent spheres is said to be saturated if any additional sphere of the same size overlaps some member of the packing. Let us consider a saturated packing of n-dimensional congruent spheres. To each sphere S of the packing we assign the set PðSÞ of all points of space, whose distance from the centre of S is not greater than their distance from the centre of any other sphere of the system. The set PðSÞ is a closed, bounded and convex polytope containing S. The polytopes PðSÞ, corresponding to the different spheres of the system, fit together, without overlapping and without gaps, to fill up the whole space; they are called the Voronoi polytopes of the packing.
The required inequality (1) is proved for E n by showing that, for each sphere S of the packing, the ratio of the volume of S to the volume of the assigned Voronoi polytope PðSÞ does not exceed d n .
Note that BARANOVSKIȊ [1] independently proved the simplicial bound (1) for E n . In the special case when n ¼ 2, we have
. The incircles of the regular tiling f6; 3g form a packing with maximum density = ffiffiffiffiffi 12 p [11] . When n ¼ 3, inequality (1) shows that the density of each packing of equal spheres in E 3 satisfies
The dihedral angle of a regular tetrahedron, i.e. arccos 1=3, lies between 2=6 and 2=5. Therefore, the density d 3 cannot be attained by putting together congruent regular tetrahedra to fill up the whole space. ROGERS' upper bound on the density of packing in E 3 has been successively reduced. MUDER's result [13] 
is at present the best completely published upper bound to the density of packings of equal spheres in E 3 . The review articles [6] , [7] , [2] , [12] contain more information on packing of spheres (also in higher dimensions) and related topics.
Let us now consider packings of equal spheres in spherical and hyperbolic spaces.
Let Mðn; rÞ denote the maximum number of spheres with radius r <=2 which can be placed on S n without overlapping. RANKIN [14] determined the exact values of Mðn; rÞ for all n ! 2 and r ! =4.
In 1963 BÖ RÖ CZKY [3] proved FEJES T O OTH's conjecture (1) for n ¼ 3. More precisely: In S 3 , E 3 or H 3 consider a saturated packing of at least 4 spheres with radius r (on S 3 : r <=4). Then the density of each sphere of the packing with respect to its Voronoi polyhedron is not greater than d 3 ðrÞ.
This formulation does not refer to a concept of global density and thus also applies to hyperbolic space. The statement clearly implies that the density of packing with respect to the whole space S 3 or E Let us return to packings in 3-dimensional spaces, first in H 3 . In the common paper with BÖ RÖ CZKY [3] , FLORIAN proved that d 3 ðrÞ is a strictly increasing function for 0<r <1. Thus the (local) density of any packing of equal spheres in H 3 satisfies
The elegant representation of the upper bound
is due to COXETER [5] . The bound is attained by the packing of horospheres inscribed in the cells of the 3-dimensional regular tiling f6; 3; 3g. Finally let us turn to packings of equal spheres in S 3 and BÖ RÖ CZKY's tetrahedral density bound d 3 ðrÞ. It is convenient to consider, in addition to the side-length 2r, the dihedral angle of a regular tetrahedron. In S 3 , a non-degenerate regular tetrahedron with dihedral angle 2 exists if and only if
The lower bound is the dihedral angle of a regular tetrahedron in E 3 . When 2 ¼ , the tetrahedron Tð2Þ degenerates into a half-space of S 3 . The edge-length 2r is related to 2 by the equation
showing that is a strictly increasing function of r. Inequality (4) is equivalent to
In this paper we prove the following theorem.
Theorem. In S 3 , the density bound d 3 ðrÞ is a strictly decreasing function, for 0<r arctan ffiffi ffi 2 p .
Corollary. The density of any packing of at least 4 equal spheres in S 3 is less than
On S 3 there are exactly 4 regular tilings, the cells of which are tetrahedra. They correspond to the dihedral angle 2=k, for k ¼ 2; 3; 4; 5: There is no other packing of spheres with radius r and density d 3 ðrÞ, for 0<r arctan ffiffi ffi 2 p . This follows from BÖ RÖ CZKY's paper [4] for 0<r <=4, and RANKIN [14] for r ¼ =4. The cases when r >=4 can be settled in a direct way, since only 5 or 4 spheres are involved. Combining the Theorem with RANKIN's result [14] for n ¼ 3 we see that BÖ RÖ CZKY's density bound d d 3 ðrÞ holds for 0<r arctan ffiffi ffi 2 p . It is remarkable that dðr 5 Þ is greater than the density of any packing of equal spheres in E 3 , see (3) . This is in contrast to the corresponding situation in dimension 2, see [11] .
The inspheres of f5; 3; 3g form a densest packing of at least 4 and at most 120 equal spheres. Observe that dðr 5 Þ is rather close to lim r!0 d 3 ðrÞ ¼ 0:77963. . . . It may be that the inspheres of f5; 3; 3g even form a densest packing of at least 4 equal spheres in S 3 (see [10] ). At present, however, we are far from being able to prove this conjecture.
Observe that the density of the densest packing of spheres with radius r is not decreasing in any subinterval of 0<r < arctan ffiffi ffi 2 p . Thus, the behaviour of this function is quite different from that of d 3 ðrÞ.
Proof of the Theorem
Let us recall the definition of the tetrahedral density bound d 3 ðrÞ in the case of the 3-dimensional spherical space.
Consider a system of 4 spheres of radius r ð0<r arctan ffiffi ffi 2 p Þ touching each other. Let T be the tetrahedron with its vertices at the centres of the spheres. Then d 3 ðrÞ is the ratio of the volume of the 
The volume of the tetrahedron Tð2Þ follows from Schläfli's differential form by integration
where 2 0 ¼ arccosð1=3Þ is the dihedral angle in E 3 . Formula (9) takes the form
where
Referring to (8) , (10), (11) and (12) we shall prove that
for 0<r < arctan ffiffi ffi 2 p . For brevity, we write tan r ¼ t;
From (8) and (12) we obtain
Here and in the following we omit straightforward calculations. Using (15) we get from (11)
Because, moreover, lim r!0 gðrÞ ¼ 0 we have gðrÞ<0 ð19Þ
we obtain from (18)
and and from (23) lim
Differentiation of f 2 ðrÞ yields in a first step g 
Collecting the terms containing the same power of 2r À sin 2r, from (26) and (27) we obtain
If we replace sin 2r by 2t=ð1 þ t 2 Þ, it follows from (28) and (29) 
The combination of (37) and (41) shows that
for 0<r < arctan ffiffi ffi 2 p . The desired inequality (13) is a consequence of (16), (19) and (42).
